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Prediction of Strongly Curved Turbulent Duct Flows
with Reynolds Stress Model
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Pennsylvania State University, University Park, Pennsylvania 16802-1400

The effects of strong convex and concave curvature on turbulent duct ¯ ows are investigated. A compressible

Navier± Stokes code incorporating Reynolds stress models has been developed using a four-stage Runge± Kutta
scheme. Numerical computationshave been carried out for strongly curved 180-deg turnaround duct ¯ ows with a

Reynolds stress model, an algebraic Reynolds stress model, and a nonlinear k-" model. A detailed assessment of the
models’ capability in predicting the effects of strong streamline curvature has been carried out. It is observed that

the Reynolds stress model provides the best predictions for majorfeatures of this highly curved duct ¯ ow, including
strong enhancement of turbulence near the concave wall, complete damping of turbulence near the convex wall,

and the subsequent separation downstream of the bend. It is also found that the modeling of the concave curvature
effect is different from the modeling of the convex curvature effect, even qualitatively. The effect of curvature

parameter ±/R on the development of mean ¯ ow and turbulence has been examined by numerical simulations with
the Reynolds stress model.

Nomenclature
C f = skin-friction coef® cient, s w / (0.5 q U 2

m )
C p = wall static pressure coef® cient,

(P ¡ Pinlet)/ (0.5 q U 2
m)

H = duct height
k = turbulent kinetic energy
P = static pressure
Pi j = production rate of Reynolds stress
Pk = production rate of turbulent kinetic energy
R = curvature radius, 0.5/ 1.5H for inner/outer wall
Re = Reynolds number, Um H/ m
r = radial coordinate
S = coordinate along duct centerline (S = 0.0 at

bend entrance)/invariant of strain rate
(S2 = 2Si j Si j )

U = longitudinal mean velocity
Um = bulk velocity
u, v, w = ¯ uctuating velocities in streamwise, normal

(radial), and cross-streamdirections
u i u j , h ui u j i = Reynolds stress
x = longitudinal coordinate, x < 0.0 upstream,

x > 0.0 downstream of bend, x = 0.0 at
entrance and exit of bend

y = coordinate normal to wall (positive from inner
wall to outer wall)/normal distance from wall

y+ = wall distance variable, yu s / m
d = boundary-layer thickness
e = dissipation rate of turbulent kinetic energy
h = angle into bend measured from bend

entrance/tangential coordinate
m , m t = laminar and turbulent kinematic viscosity
s w = wall shear stress

Introduction

T HE effects of streamline curvature on turbulent ¯ ows are sig-
ni® cant in many engineering applications because they have
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been found to be surprisingly large, usually being an order of mag-
nitude greater than that suggested by the additional terms in the
¯ ow equations, as pointed out by Bradshaw.1 Many of the experi-
mental data reveal that the turbulent shear stress is largely damped
on highly convex curved surfaces (e.g., Ref. 2). On the contrary, the
turbulence has been observed to be ampli® ed greatly by concave
curvature (Ref. 3). There have been many computational efforts to
model curved turbulent shear ¯ ows. To predict the stabilizing and
destabilizing curvature effects, it is necessary to adopt empirical
modi® cations to eddy viscosity models.1 On the other hand, direct
solutions of Reynolds stress transport equations by Gibson et al.4

and others have indicated that the Reynolds stress model (RSM)
can account for the effects of curvature without empirical modi-
® cations.

Sandborn and Shin5 and Monson et al.6 recently carried out de-
tailed measurements for a planar U-duct ¯ ow, which closely rep-
resents major features of the ¯ ow in the annular turnaround ducts
of the powerhead on the Space Shuttle main engine. The curvature
parameter d / R is on the order of O(1), being signi® cantly higher
than those in the previous measurements. With strong convex and
concave curvature effects and extensive separation from the con-
vex surface, this duct ¯ ow represents a major challenge for turbu-
lence modelers. Computations with different variants of eddy vis-
cosity models6±9 have not been satisfactory,indicating the need for
higher-order turbulence models, such as the RSM. However, most
predictionsof curved ¯ ows with the RSM have been obtained with
boundary-layercodes. Thus they are limited to predicting thin shear
layers with mild curvature and/or convex curvature. The effects
of strong concave curvature and convex curvature (and subsequent
separation) have not been fully investigated with differential RSM
models.

The objective of this paper is to develop a Navier±Stokes pro-
cedure incorporating Reynolds stress models; to predict strongly
curved duct ¯ ows and to assess the performance of the RSM, the
algebraic Reynolds stress model, and a nonlinear k-e model; and
to examine the effects of d / R on the mean ¯ ow and turbulence
quantities inside the bend.

Turbulence Models
A brief descriptionof the turbulencemodels incorporatedinto the

numerical procedure are given next. More detailed descriptions are
given in Luo and Lakshminarayana.10

The RSM model employed in the present study is the same as
the widely used Reynolds stress model of Gibson and Launder11

except for the diffusion term. The turbulent diffusion term is mod-
eled using a simple isotropic stress diffusion model. This model is
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adoptedbecauseLien and Leschziner12 found that it providedbetter
predictionof the reattachmentprocess than the generalizedgradient
diffusion hypothesis for separated ¯ ows. This model is given by

Di j =
@

@xk [Cs

k2

e ( @u i u j

@xk ) ] (1)

By assuming the convective and diffusive transport of individual
Reynoldsstress componentsare locally proportionalto the transport
of turbulent kinetic energy,13 the differential equations in the RSM
can be simpli® ed to nonlinear algebraic equations, resulting in the
algebraic Reynolds stress model (ARSM), which is more econom-
ical than the RSM model. The k and e required in the ARSM are
obtained from the standard k-e model.14 Many applications of the
ARSM model to the ¯ ows with mild curvature and rotation effects
can be found in Lakshminarayana.15

The Reynolds stress algebraicequation model developedby Shih
et al.16 is one of the latest nonlinear k-e models (denoted as NL
k- e model hereafter).The motive for incorporatingthis model is to
compare it with the ARSM, because these two models are similar
in some aspects. However, there is signi® cant difference between
them. Unlike the ARSM, the NL k- e model does not include the
modeling for the pressure±strain correlation, which is responsible
for the redistribution of turbulent kinetic energy and plays a domi-
nant role in the evolution of the ¯ ow.

Since all of the preceding models are based on high Reynolds
number assumption, they cannot be integrated down to the wall.
For all of the models used in the present study, the near-wall re-
gion is handled by a one-equation model originally developed by
Wolfshtein17 and modi® ed by Chen and Patel.18 The matching loca-
tion is at ® xed grid lines with y+ ¼ 70. More detailson thematching
are given in Luo and Lakshminarayana.10

Numerical Procedure
A Navier±Stokes procedure, incorporating various turbulence

models described earlier, has been developed based on the code
due to Kunz and Lakshminarayana.19 The equations are integrated
in time by an explicit four-stage Runge±Kutta scheme. The con-
vection and diffusion terms are discretized on a nonstaggered grid
using second-order accurate central differencing.Fourth-order and
second-order arti® cial dissipation terms (with coef® cients around
0.02 and 0.25)19 are included to damp high wave number errors and
to improve the shockcapturing,respectively.Eigenvaluescalingand
the local velocity scaling [using (U/ Um )2] of arti® cial dissipation
terms are used to avoid contamination of the solution by arti® cial
dissipation.

For the presenttwo-dimensional¯ ow, only the equationsfor h uu i ,
h vv i , h ww i , and h uv i are solved. These equations are discretized in
space and integrated in time in the same way as the mean ¯ ow
equations.A second-orderarti® cial dissipation term is added to the
Reynoldsstress transportequationsto preventodd-evendecoupling,
because the convection terms are also discretized with central dif-
ferencing.The requiredvalue of arti® cial dissipationfor convergent
solution is fairly small (with the coef® cient around 0.02 for second-
order smoothing). Local velocity scaling is also used. The arti® cial

Fig. 1 Duct geometry and grid.

dissipation coef® cient in the normal direction is taken as a small
fraction (e.g., 1

10
) of that in the streamwise direction, which further

reduces the in¯ uence of smoothing on the convergent solution to a
negligible level. The iteration of the RSM equation in the present
time-marching procedure is found to be stable, without the imple-
mentation of elaborate stabilizing measures such as those required
for pressure-basedmethods.20 Sotiropoulos and Patel21 have made
similar observation in their computation of a transition duct ¯ ow
using a low Reynolds number RSM model with an explicit Runge±
Kutta scheme.

Results and Discussion
Sandborn and Shin5 carried out detailedmeasurementof the ¯ ow

in a two-dimensionalturnaround-ductwater tunnelwith Re = 2.2 £
105. Monson et al.6 measured the ¯ ow in a similar turnaround duct
with air at Re = 1 £ 106. These two casesare computed in thispaper.
The geometry and grid of the duct are shown in Fig. 1, where every
othergrid line is plotted.Grid-independentsolutionsareobtainedby
using 251 £ 141 (streamwise £ normal) and 291 £ 141 grids for the
Sandborn and Shin5 duct and the Monson et al.6 duct, respectively.
A systematic grid independencestudy has been performed. For the
Monson et al. duct, predictionsusing other grids, such as the 251 £
121 grid, are found to be very close to those from the 291 £ 141
grid except in the separated ¯ ow region. Further re® nement of the
grid (e.g., 321 £ 161) results in negligible difference in the ® nal
solution. Similar observation has also been made for the Sandborn
and Shin duct. Fine grids are used here to minimize the truncation
errors in the separated¯ ow region. The ® rst grid point near the wall
is located around y+ = 1. The pro® les for streamwise velocity, four
Reynoldsstress components,and dissipationrate are speci® ed at the
inlet. For each case, the inlet boundaryconditionswere obtained by
computation of the developing ¯ ow in a long straight channel with
the corresponding Reynolds number. This method provided inlet
conditions that agree with the data very well.10

Convergence criteria are taken as four decades drop of rms den-
sity residual and 2.5±3 decades drop of the rms residual for e . The
difference between the computed mass ¯ ow rate at the inlet and
at the exit is less than 0.2% of the inlet mass ¯ ow rate. The CPU
time required by the RSM and the ARSM is about 250 and 70%,
respectively,more than that of the standard k- e model. For the NL
k-e model, the required CPU time is typically 30% more than that
of the standard k- e model.

Mean Velocity and Turbulence Properties Inside the 180-deg Bend

The two cases described earlier have not only different Reynolds
numbers but also different values of the curvature parameter d / R.
For the Monson et al.6 case, d / R are about0.7 and 0.2, for boundary
layers at x ¼ ¡ 1H on the convex and concave walls, respectively,
whereas for the Sandborn and Shin5 case, corresponding values of
d / R are about 1.0 and 0.3. The predictions at h = 0, 30, 90, and
180 deg and 2H for Monson et al.6 (Re = 106) are presented in
this section. To highlight the performance of the three anisotropic
models, predictionsby the standard k- e model are also included for
comparison.
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a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 2 Pro® les at µ = 0 deg (data by Monson et al.,6 Re = 1 £ 106).

The predicted pro® les of U , 1
2
( h uu i + h vv i ), which is referred to

as turbulentkinetic energy in the following for brevity,and h ¡ uv i at
h = 0 deg are shown in Figs. 2a±2c, respectively.The mean velocity
pro® les predicted by all of the models are in excellent agreement
with the data. The ¯ ow is undergoing rapid acceleration near the
innerwall and decelerationnear the outerwall. The curvatureeffects
on turbulencecan be clearlyobservedin Figs. 2b and 2c. The convex
curvature, as well as large ¯ ow acceleration, stronglyattenuates the
turbulenceshearstressand thekineticenergynear the innerwall. All
of the four models yield similar predictions for the turbulent kinetic
energy. In Fig. 2c, all of the three anisotropic models provide good

a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 3 Pro® les at µ = 30 deg (data by Monson et al.,6 Re = 1 £ 106).

predictions for h ¡ uv i near the concave wall. Near the convex wall,
however, only the RSM predicts the correct sign and magnitude of

h ¡ uv i . Other models not only predict the wrong sign for h ¡ uv i but
also signi® cantly overpredict the magnitude.

As the ¯ ow reaches h = 30 deg, the turbulence has been greatly
damped near the convex wall and the measured shear stress is close
to zero over a large region (Figs. 3b and 3c). On the other hand, large
ampli® cation of turbulence is observed near the concave wall. The
Reynolds stress model captures both these features very well. The
k-e model fails to accountfor the curvatureeffectand predictsnearly
symmetric pro® le of shear stress h ¡ uv i , which is much higher than
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the data near theconvexwall but lower than thedatanear theconcave
wall. The prediction of the ARSM model lies between those of the
RSM model and the k- e model. Overall, the ARSM prediction is
close to that of the RSM model and is much better than that of the
k- e model, indicating that the error caused by the basic assumption
in the ARSM is not signi® cant for the ¯ ows inside bend, where the
transport terms are known to be small in the balance of budget.

The NL k- e model predicts low turbulence near the convex wall
(Figs. 3b and 3c); indeed, its prediction of h ¡ uv i is slightly better
than that of the ARSM model. However, unlike the ARSM, the NL
k- e model predicts a reduced level of turbulence near the concave
wall, which is opposite to the experimental observation. This sur-
prisingbehavioris due to the fact that theNL k-e model’smechanism
for capturingthe reductionof turbulenceis very differentfrom those
of the Reynoldsstress closures.Unlike the stressmodels, the NL k- e
modelpredictsweakanisotropyof turbulence,and its performanceis
mainly dependent on the variationof the coef® cient C l in eddy vis-
cosityformulation,as reportedby Shih et al.16 The reducedturbulent
energyand shear stresspredictedby this model are largelydue to the
reduced value of C l , which is a function of the parameter g (Sk/ e ).
The value of C l is much lower than the standard value of 0.09 in
¯ ow regionswith large strain rate, such as near the convexwall, and
in regions with high value of k/ e , such as near the concave wall.

The phenomenologicalbehaviorof the turbulenceand the perfor-
mance of the stress models and the eddy-viscosity models for pre-
dicting the curvature effects on turbulencecan be understood,qual-
itatively, by examining the formulation for the production term in
these equations. For ¯ ows in curved ducts with constant radius, it is
more convenientto express the velocitygradient in cylindrical-polar
coordinates f r, h g . For an isotropiceddyviscositymodel, neglecting
second-order small terms, the production rate of turbulent kinetic
energy is given by

Pk = m t( @Uh

@r ¡
Uh

r )
2

+ 4m t( 1

r

@Uh

@h )
2

(2)

whereas in the stress models the production terms are exact. Neg-
lecting second-order small terms, the production rates of turbulent
kinetic energy and shear stress are given by

Ph h + Prr = ¡ 2ur uh ( @Uh

@r ¡
Uh

r ) ¡ 2(u2
h ¡ u2

r
)( 1

r

@Uh

@h ) (3)

Pr h = ¡ u2
r

@Uh

@r
+ u2

h

Uh

r
(4)

Following Launder et al.,22 to highlight the interaction between
the stress and the strain in curved ¯ ows, it is helpful to consider
two simple strain ® elds with curvature effects: free-vortex motion
Uh = A/ r (approximatelyrepresentingthe ¯ ow over a concavewall
with velocity decreasing with radius inside the viscous layer) and
solid-body rotation Uh = x r (approximately representing the ¯ ow
over a convex wall with velocity increasing with radius inside the
viscous layer). For the free-vortex type ¯ ow, the production rates in
the stress closures are given, respectively, by

Pr h = (u h uh + ur ur ) A/ r 2 (5a)

Ph h + Prr = 4ur uh A/ r 2 (5b)

Equation (5) indicates that an increase in ur u h causes a rise in
(Prr + Ph h ), which leads to an increase in (u h u h + ur ur ). The pro-
duction rate Pr h is thus increased and so is the shear stress. Such an
interactionwill lead to successive ampli® cation of turbulent energy
and shear stress. For solid-body rotation, (Prr + Ph h ) is equal to
zero. Hence, the production of turbulent energy and shear stress is
suppressed.Therefore, exact production terms in the stress closures
are capable of capturing the strong interaction between individual
stress and the streamline curvature,which cannot be representedby
Eq. (2). Nevertheless, the ® rst term on the right-hand side of Eq. (2)
doesdecreasein convexcurved¯ ows and increasein concavecurved
¯ ows. Thus the k- e model should be able to capture some effects
of curvature. But the k- e model still predicts an excessive level of

turbulence near the convex wall, which is actually caused by the
second term of Eq. (2).

Large streamwise velocity gradients (@Uh /@h ) often exist in
strongly curved ¯ ows, as in the present case. Consider Eq. (3); the
streamwise component Reynolds stress u h u h is larger than the nor-
mal component ur ur at the bend entrance. Thus, a positive gradient
of streamwise velocity, as near the convexwall at the bend entrance,
will lead to a reduction in the production of kinetic energy as per
Eq. (3), whereas a negative gradient of the streamwise velocity, as
near the concave wall, will result in an enhancementof the produc-
tion rate. Thus, the exact production terms in the stress models are
able to provide correct response to the streamwise velocity gradi-
ents. However, the second term in Eq. (2), being always positive,
will always increase turbulence even in case of ¯ ow acceleration,
and thus it is a poor representation of the response of turbulence
to such irrotational straining. The signi® cant overpredictionof tur-
bulence near the convex wall by the k-e model (Figs. 4b and 4c)
can be largely attributed to this de® ciency. This de® ciency is also
responsible for the well-known problem of the standard k- e model,
namely, the overpredictionof turbulenceenergy near the stagnation
point region.

The major features of the ¯ ow at h = 90 deg (Fig. 4) are similar
to those observed at h = 30 deg. The predicted mean velocity pro-
® les show very thin boundary layers near the convex wall, with the
RSM prediction in closest agreement with the data (Fig. 4a). Near
the concave wall, strong turbulent mixing brings high-momentum
¯ uid towards the wall, creating a full velocity pro® le. The RSM
model predicts the highest level of turbulence ampli® cation and
hence fullest velocity pro® le near the concave wall. The perfor-
mance of the ARSM for the convex curvature is similar to that of
the NL k- e model, but it is superior for the concave curvature.

The RSM captures the trend on the effect of concave curvature
on the turbulence but underpredicts its magnitude (Figs. 4b and
4c). This can be mainly attributed to the fundamental difference in
convexand concave curvature effects. As reportedby Muck et al.,23

Hoffman et al.,24 Gillis and Johnston,25 and Barlow and Johnston,3

the convex curvature mainly attenuates the pre-existing turbulent
eddies, whereas the concave curvature may involve both the re-
organization of the pre-existing eddy structures and the creation of
new large-scale eddies.

As argued by many investigators,a concave curved ¯ ow is com-
plex due to possible existence of Taylor±Gortler vortices.However,
these vortices have not been observed in many of the experiments.3

Barlow and Johnston3 conclude that large scales in concave bound-
ary layers exhibit a range of behaviors from longitudinal vortices
(Taylor±Gortlervortices),when upstreamnonuniformitiesare large,
to short randomlydistributedroll cells (radial in¯ ows and out¯ ows),
when the upstream boundary layer is uniform in the mean. Other
researchers1 also suggest that spanwise variations in some experi-
ments are likely to be caused by the nonuniformities in upstream
¯ ow. Barlow and Johnston3 found that the large scales in concave
¯ ows are larger than typical large eddies in a ¯ at boundary layer and
are more energetic, particularly with regard to ¯ uctuations normal
to the wall. Both Monson et al.6 and Sandborn and Shin5 have ob-
served energetic large-scale eddies rather than longitudinalvortices
near the concave wall. Thus, current underpredictionof turbulence
enhancementcan be attributed mainly to the inabilityof the models
(particularly the standard e equation) to account for the new large-
scale eddy structures in concave curved ¯ ows. This is con® rmed in
the analysis by Luo and Lakshminarayana.26

Mean Velocity and Turbulence Properties Downstream
of the 180-deg Bend

The ¯ ow encounters an adverse pressure gradient on the inner
wall and a favorablepressuregradienton the outer wall downstream
of h = 90 deg. Because of the severe adverse pressure gradient, as
well as highly diminished turbulent shear stress, the boundary layer
separates around h = 150 deg on the inner wall. The predictions
at h = 180 deg are shown in Fig. 5. The standard k-e model pre-
dicts too small a separation bubble. This is because the separation
is hindered by the excessive level of turbulence near the inner wall
predicted by the model. The predicted extent of separation is in-
versely proportional to the predicted level of turbulence near the
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a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 4 Pro® les at µ = 90 deg (data by Monson et al.,6 Re = 1 £ 106).

convex wall upstream of the separation. The RSM model predicts
the lowest turbulent energy and shear stress near the convex wall,
hence the largest separationbubble downstream, both being in best
agreement with the data. The ARSM and the NL k-e model also
capture the major attenuation of turbulence near the convex wall as
seen earlier and thus predict larger separation than the k-e model.

The longitudinalvelocity pro® le across the channel is dominated
by both the size of the separationbubble near the inner wall and the
ampli® cation of turbulence near the outer wall. The velocity pro-
® le predicted by the RSM model is in best agreement with the data
because this model provides the best predictions for the features

a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 5 Pro® les at µ = 180 deg (data by Monson et al.,6 Re = 1 £ 106).

near both walls. The data show a spike in the turbulence pro® le at
the separatingstreamline,which is not captured by any model. This
large value probably results from large unsteadiness of the separa-
tion bubble, as reported in Monsonet al.6 Note that turbulentkinetic
energy is generated primarily by the large shear strain of ¯ ow just
outside the separation bubble. This can be seen from the locations
of the maximum value of turbulent energy, which are outside the
separation bubble and are the locations where the velocity pro® le
has the largest gradient. For the RSM prediction, the peak value of
1
2
( h uu i + h vv i ) is at y/ H = 0.10, whereas the height of the separa-

tion bubble is about 0.05H (Figs. 5a and 5b). The turbulenceenergy
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Table 1 Extent of separation (Monson et al.,6

Re = 1 £ 106)

Model/exp. Separation, h , deg Reattachment, x / H

k- e 172 0.72
NL k- e 163 1.30
ARSM 157 1.62
RSM 147 1.55
Data 150 1.0±1.5

inside the bubble is supplied primarily by the diffusion across the
dividing streamline of the bubble.

At x = 2H, both the measurement and the predictions indicate
that the ¯ ow has reattached,as seen in Fig. 6. The predictedvelocity
pro® les by the RSM are still slowly recovering from separation.
The too slow recovery rate after reattachment is a major de® ciency
of the stress model, as discussed by Leschziner.20 Near the inner
wall, the RSM prediction is inferior to the k- e prediction, but this
is caused by the much larger displacementand associatednear-wall
wake predicted by the RSM, which are due to the more extensive
separationobservedearlier. In fact, it should be concludedthat all of
the models underpredict the rate of recovery. The velocity pro® les
predicted by the ARSM and the NL k-e model lie between those
from the k- e model and the RSM.

The levels of turbulent energy and shear stress predicted by the
models after reattachment are seen to be proportional to the extent
of separation. This is because turbulence is generated primarily by
the large shear rate of ¯ ow just outside the separation bubble, as
stated earlier. The larger separationbubble means a larger shear rate
outside the bubble (Fig. 5a) and hence a higher turbulence genera-
tion rate. The RSM model predicts the largest separation earlier and
hence the highest turbulent energy and shear stress, which are in
closest agreement with the data. The k- e model returns the lowest
level of turbulence, consistent with the smallest separation bubble
observed earlier.

Wall Static Pressure and Skin-Friction Coef® cients

The predicted skin-friction coef® cient on the inner wall of the
Monson et al.6 duct is shown in Fig. 7a. The predicted values of C f

from all of the models are almost the same in the ¯ ow-acceleration
region of the inner wall (from about x = ¡ 0.5H to h = 90 deg, i.e.,
S/ H = ¡ 0.5 to 1.57). This is because the mean ¯ ow is dominated
by a large favorable pressure gradient and hence C f is not sensitive
to the predictedlevel of turbulencein the outer layer of the boundary
layer. Once the ¯ ow begins to decelerate, the effect of turbulence
shear stress becomes important. The RSM predicts the lowest level
of turbulence and hence the lowest C f . The predicted locations of
separationinceptionand reattachmentby all of the models are given
in Table 1, where the measured reattachment point is in the range
of 1.0H±1.5H . All of the three anisotropic models provide more
extensive separation than the k-e model. As discussed earlier, the
rate of recoveryafter reattachment is predictedslower than the mea-
sured value, which can also be seen from the slow recovery of C f

along the inner wall.
The skin-frictioncoef® cient on the outerwall is plotted in Fig. 7b,

where the data inside the bend are not available. The value of C f

drops as the ¯ ow decelerates towards the bend. Inside the bend, the
¯ ow is subject to strong concave curvature effects and adverse to a
favorable pressure gradient. The levels of C f predicted by different
models are seen to be proportional to the predicted levels of tur-
bulent energy and shear stress near the concave wall (Fig. 4). The
RSM and the ARSM provide the best predictions of the ampli® ca-
tion of turbulence and hence the best C f prediction at downstream
locations. The C f inside the bend are probably still underpredicted
becausethe turbulenceenhancementhas been underestimatedby all
of the models as observed earlier.

The static pressure coef® cients C p on both inner and outer walls
are shown in Fig. 8. The wall static pressure distribution and the
pressure loss are largely determined by the extent of separation,
which dictates the effective through-¯ ow area and hence the pres-
sure recovery characteristics. The pressure loss through the bend
is underpredicted by the k- e model due to the underprediction of
the size of the separation bubble. The NL k-e prediction is much

better near the bend exit because it predicts more extensive sepa-
ration. The RSM provides the best prediction for the pressure loss
far downstream. But the prediction of Cp by this model near the
bend exit is not accurate because it predicts too slow a recovery
after reattachment.The predictionby the ARSM seems to be a good
compromise between those from the k-e model and the RSM.

Additional Simulations for Effect of ±/R
The preceding results and discussion indicate that the RSM is

capable of capturing major features of the highly curved 180-deg
duct ¯ ow. Since the value of d / R is an important parameter for the

a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 6 Pro® les at x = 2H (data by Monson et al.,6 Re = 1 £ 106).
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a) Inner wall

b) Outer wall

Fig. 7 Skin-friction coef® cients on inner and outer walls (data by
Monson et al.,6 Re = 1 £ 106).

Fig.8 Wall static pressure coef® cients (data by Monsonet al.,6 Re = 1 £
106).

magnitude of curvature effects, additional numerical simulations
have been carried out with the RSM to study the effects of d / R on
the developmentof ¯ ow inside the bend and downstream. As stated
earlier, (d / R)inner ¼ 1.0 for the inner wall and (d / R)outer ¼ 0.3 for
the outer wall in the Sandborn and Shin5 case. Two additional cases
(numerical simulations only) with ( d / R)outer ¼ 0.17 and 0.1 have
been computed at the same Reynolds number. The corresponding
( d / R)inner ¼ 0.5 and 0.3, respectively.

The predictedpro® les at h = 90degare shownin Fig. 9, where the
( d / R)outer are used to identify the cases. The turbulence properties
near the convex wall are seen to be insensitive to the speci® c value

a) Longitudinal velocity

b) Turbulent kinetic energy

c) Turbulent shear stress

Fig. 9 Pro® les at µ= 90 deg (data by Sandborn and Shin,5 Re = 2.2 £
105).

of d / R because the turbulence there (Figs. 9b and 9c) has been
attenuatedto a very low level for allof thecases.This is similiarto the
Gillis and Johnston25 observationthat the effect of d / R is small with
d / R > 0.05 for zero-pressure-gradient ¯ ows over convex surface.
On the concave side, however, the turbulent energy and shear stress
are seen to increase monotonically with the increase in d / R.

The difference in the response of turbulence,near the convexand
concavewalls, to the variation of d / R can be attributed to the major
differencein these two oppositecurvatureeffects.There seems to be
a low limit for the convexcurvatureeffect, namely, the total damping
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of turbulence.However, a correspondinghigh limit for the concave
curvatureeffect has notbeenobserved.It is likely that the turbulence
near the concave wall may further increase with an increase in d / R
as suggested in Figs. 9b and 9c.

The pro® les of streamwisevelocity(Fig. 9a) are seen to be similar
for all values of d / R. This indicates that the velocity pro® le inside
the bend is largely insensitive to the upstream in¯ ow conditions,
which is consistent with the observation by Sandborn and Shin.5

Downstream at h = 180 deg, the predicted mean velocity pro® les
are also close for all of the cases,10 which suggests that the in¯ ow
conditions (thickness of upstream turbulent boundary layer) have
negligible in¯ uence on the downstream ¯ ow separationfor strongly
curved turnaround duct ¯ ows.

Concluding Remarks
A Navier±Stokes procedure, incorporatingReynolds stress mod-

els, has been developed based on the four-stage Runge±Kutta
scheme. The turbulent ¯ ow in a strongly curved 180-deg duct is
computed using the RSM, the ARSM, the NL k- e model, and the
k- e model. The RSM provides the best predictions for major fea-
tures of this highly curved duct ¯ ow, including strong enhancement
of turbulence near the concave wall, large reduction of turbulence
near the convex wall, and the subsequent separation downstream
of the convex wall. It is observed that, to capture the extent of the
downstream separation bubble, large reduction of turbulence near
the convex wall must be predicted accurately.

The modeling of the concave curvature effect appears to be quite
different from the modeling of the convex curvature effect. The
RSM is very successful in predicting the turbulence damping but
still underpredicts the magnitude of turbulence ampli® cation. The
ARSM yields predictions close to those by the RSM. The ARSM
predictionsare much better than those by the k- e model. The NL k- e
predictions for convex curvature effect and downstream separation
are signi® cantly better than those by the k-e model. This NL k- e
modelpredictsreducedturbulencenear theconcavewall, however.It
is thus inferiorto the ARSM formodelingconcavecurvatureeffects.
All of the models predict too slow a recovery after reattachment,
indicating that further efforts are needed to improve the modeling
of turbulent diffusion, dissipation, and pressure±strain correlation.
It shouldbe remarkedhere that the ¯ ow downstreamof separationis
not likely to be two-dimensionalor steady. Most separated¯ ows are
three-dimensional and unsteady. Hence these effects may account
for some of the discrepancy between the predictions and the data.

Simulation studies with the RSM indicate that the mean ¯ ow in-
side the bend is nearly insensitiveto the upstreamin¯ ow conditions.
The variation of d / R has more pronounced in¯ uence on the turbu-
lence ampli® cation near the concave wall than on the turbulence
damping near the convex wall.
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